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Bomze-7, assigned to Jiaheng Wei

(a) Schematic diagram. (b) R code simulation.

Figure 2: The 7th example in Bomze’s paper (assigned to Jiaheng Wei). Details about the above subfigures
will be explained in the content.

Recall that the payo↵ matrix for the 7th example in Bomze’s paper is

w =

0

@
0 1 1
1 0 1
1 1 0

1

A .

Edge case a-b: The sub-payo↵ matrix is wa�b

✓
0 1
1 0

◆
, hence w1 = 1, w2 = 1. By the criteria in section 2.3,

we conclude it belongs to the HD type and sa converges to w1/(w1 + w2) = 0.5.

Edge case b-c: The sub-payo↵ matrix is wb�c

✓
0 1
1 0

◆
, hence w1 = 1, w2 = 1. By the criteria in section 2.3,

we conclude it belongs to the HD type and sb converges to w1/(w1 + w2) = 0.5.

Edge case a-c: The sub-payo↵ matrix is wa�c

✓
0 1
1 0

◆
, hence w1 = 1, w2 = 1. By the criteria in section 2.3,

we conclude it belongs to the HD type and sa converges to w1/(w1 + w2) = 0.5.

From above analysis, we find that a is a source, b is a source and c is a source. Next we move to study the
sector of the state space. The corresponding equations are

ṡa
sa

� ṡb
sb

= �a�b = wa � wb = �sa + sb,

ṡb
sb

� ṡc
sc

= �b�c = wb � wc = �sb + sc,

ṡa
sa

� ṡc
sc

= �a�c = wa � wc = �sa + sc.

From above functions, we can conclude that: on the edge a � b, we have sc = 0, if sa > 0.5, �a�b < 0, thus,
the sa will decrease until sa = 0.5 = sb. If sa < 0.5, �a�b > 0, thus, the sa will increase until sa = 0.5 = sb.
Now consider the following equations:

ṡa
sa

= �a�bsb +�a�csc = s2b + s2c � (sb + sc)sa (4)

ṡb
sb

= �b�asa +�b�csc = s2a + s2c � (sa + sc)sb (5)

ṡc
sc

= �c�asa +�c�bsb = s2a + s2b � (sa + sb)sc (6)
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At point ( 12 ,
1
2 , 0),

ṡa
sa

= 0, ṡb
sb

= 0, and ṡc
sc

= 1
2 > 0. Thus, ( 12 ,

1
2 , 0) will move to the interior of the simplex. At

the very beginning, it will move along the line which connects ( 12 ,
1
2 , 0) and (0, 0, 1). Thus, ( 12 ,

1
2 , 0) is a saddle

point. Finally, it will reach the interior steady state (s⇤a, s
⇤
b , s

⇤
c) = (1, 1, 1)/3 = ( 13 ,

1
3 ,

1
3 ) is global stable. On

the edge b� c and a� c, we will have the same situation. Finally, we can conclude that: (1, 0, 0), (0, 1, 0), and
(0, 0, 1) are a source. ( 12 ,

1
2 , 0), (0,

1
2 ,

1
2 ), and ( 12 , 0,

1
2 ) are saddle points. ( 13 ,

1
3 ,

1
3 ) is a sink.

Bomze-10, assigned to Zhaowei Zhu.
Let

w :=

0

@
waa wab wac

wba wbb wbc

wca wcb wcc

1

A =

0

@
0 1 3
�1 0 5
1 3 0

1

A .

According to the textbook, we have

ṡa
sa

� ṡb
sb

= �wa�b,

ṡb
sb

� ṡc
sc

= �wb�c,

ṡc
sc

� ṡa
sa

= �wc�a,

where

�wa�b = wa � wb,

�wb�c = wb � wc,

�wc�a = wc � wa,

and

wa = waasa + wabsb + wacsc = sb + 3sc,

wb = wbasa + wbbsb + wbcsc = �sa + 5sc,

wc = wcasa + wcbsb + wccsc = sa + 3sb.

Taking values into equations, we obtain

ṡa
sa

� ṡb
sb

= sa + sb � 2sc = 1� 3sc,

ṡb
sb

� ṡc
sc

= �2sa � 3sb + 5sc = 8sc + sa � 3,

ṡc
sc

� ṡa
sa

= sa + 2sb � 3sc = 1 + sb � 4sc.

Equating the last three expressions to zero yields the equal growth rate (and equal fitness) lines:

2sc = sa + sb,

5sc = 2sa + 3sb,

3sc = sa + 2sb.

There are several cases:

• Combining with the condition sa + sb + sc = 1 yields the steady state:

s⇤a = s⇤b = s⇤c =
1

3
.

Assume we have a tiny variation � > 0. When sa ! sa + � and sb ! sb � �, we have �wa�b = 0,
�wb�c > 0, and �wc�a < 0. Thus the game will evolve toward increasing sa and sb. When sa ! sa + �
and sc ! sc � �, we have �wa�b > 0, �wb�c < 0, and �wc�a > 0. Thus the game will evolve toward
increasing sc. Therefore, the state (s⇤a, s

⇤
b , s

⇤
c) = (1/3, 1/3, 1/3) is a saddle point.
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• Let sc = 0. We have �wa�b = 1 > 0. There is no steady state on the edge (a, b).

• Let sb = 0. We have �wc�a = 1�4sc ) sc = 1/4. When sa ! sa+� and sc ! sc��, we have �wc�a > 0.
Thus the game will evolve toward increasing sc. When sa ! sa � � and sc ! sc + �, we have �wc�a < 0.
Thus the game will evolve toward increasing sa. Therefore, the state (sa, sb, sc) = (3/4, 0, 1/4) is a sink.

• Let sa = 0. We have �wb�c = 2sc�3 ) sc = 3/8. When sb ! sb+� and sc ! sc��, we have �wb�c < 0.
Thus the game will evolve toward increasing sc. When sb ! sb � � and sc ! sc + �, we have �wb�c > 0.
Thus the game will evolve toward increasing sb. Therefore, the state (sa, sb, sc) = (0, 5/8, 3/8) is a sink.

• Let sa = sb = 0. We have wa = 3, wb = 5, wc = 0. The game will evolve toward increasing sa and sb.
Therefore, the state (sa, sb, sc) = (0, 0, 1) is a source.

• Let sa = sc = 0. We have wa = 1, wb = 0, wc = 3. The game will evolve toward increasing sa and sc.
Therefore, the state (sa, sb, sc) = (0, 1, 0) is a source.

• Let sb = sc = 0. We have wa = 0, wb = �1, wc = 1. The game will evolve toward increasing sc and
decreasing sb if sb ! 0+. Therefore, the state (sa, sb, sc) = (1, 0, 0) is a saddle point.

From the above analyses, we know there are steady points, where (1/3, 1/3, 1/3)a and (1, 0, 0) are saddle points,
(3/4, 0, 1/4) and (0, 5/8, 3/8) are sinks, (0, 0, 1) and (0, 1, 0) are sources. See Figure 3.

Figure 3: Numerical solution of replicator dynamics.
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Problem 2. Consider the Buyer-Seller game featured in section 3.5 of your textbook. For that game,

a. find own-population e↵ects (described by 2⇥2 matrices, as in section 3.7) so that the closed loop trajectories
in the original game become inward spirals.

b. Find di↵erent own-population e↵ects to that the trajectories become outward spirals.

Answer:

We followed the method in section 3.7, introducing two real parameters a and b to specify the intensity of the
own-population e↵ects. Now the replicator equations are:

ṗ1
p1

= eT1 u(q+ ap)� pTu(q+ ap)

q̇1
q1

= eT1 v(p+ bq)� qTv(p+ bq),

where p := (p1, p2), q := (q1, q2) and

u :=

✓
1 �1
�4 2

◆
, v :=

✓
�8 2
0 1

◆
.

We have played with di↵erent combinations of a and b values and investigated the corresponding behaviors of
the shares p and q through numerically solving above di↵erential equations using R packages. We summarize
our results in below figures.

(a) Spiral inward case1: a = �0.01, b = 0. (b) Spiral inward case2: a = 0, b = 0.01.

Figure 4: Two marginal cases for the spiraling inward behavior. The blue circles are the initial points of the
curves. We also display their coordinates in the figures explicitly.

Figure 4 illustrates two examples of the spiral inward cases. We call them marginal cases since only one of a
and b is non-zero. Generally, we observe in our experiments that whenever a < 0, b = 0 the resulting curve
spirals inwards. The smaller a is the more intensive the tendency of spiraling inward becomes. On the other
hand, whenever a = 0, b > 0 the resulting curve spirals inwards as well. Similarly, the larger the b is the more
intensive the tendency of spiraling inward becomes.
Figure 5 illustrates two examples of the marginal spiral outward cases. Generally, we observe in our experiments
that whenever a > 0, b = 0 the resulting curve spirals inwards. The larger a is the more intensive the tendency
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(a) Spiral outward case1: a = 0.01, b = 0. (b) Spiral outward case2: a = 0, b = �0.01.

Figure 5: Two marginal cases for the spiraling outwards behavior. The blue circles are the initial points of the
curves. We also display their coordinates in the figures explicitly.

of spiraling inward becomes. On the other hand, whenever a = 0, b < 0 the resulting curve spirals inwards as
well and the smaller the b is the more intensive the tendency of spiraling inward becomes.
From figures 4 and 5, we can also see that the intensity of the spiraling inward(outward) tendency is more
sensitive in b than in a. Actually, with the same magnitude, i.e. 0.01, the curve spirals inward(outward) faster
in figure 4(b)(figure 5(b)) than in figure 4(a)(figure 5(a)). This observation indicates there is a competition
between the e↵ects of a and b.

(a) Competition between a and b. Spiral inward case. (b) Competition between a and b. (almost) balanced case.

Figure 6: Competition between parameters a and b. The blue circles are the initial points of the curves. We
also display their coordinates in the figures explicitly.
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In figure 6(a), we show the behavior when a = b = 0.01. As expected, the overall tendency is spiraling inward,
since the e↵ects of b = 0.01 (spirals inward) dominates the e↵ects of a = 0.01 (spirals outwards). Also it is
possible to find a tie, such as the case shown in figure 6(b). We emphasise that the numerical values, i.e.
a = 0.01, b = 0.0038, may not be exact for a tie case, as there is numerical errors in the calculation. We really
looking forward to learn the advanced analytical techniques in chapter 4 for assessing stability.

Problem 3. State spaces of dimension 4 include the tesseract (or hyper-cube) and the 5-simplex. There are

three other possible state spaces. For each of the 2+3 = 5 possible state spaces of dimension 4, write down the
number of distinct populations, the number of distinct strategies, and give a possible example.
Answer:

Apart from the 5-simplex, which is not possible to visualize using a simple 2-d projection, we find that the other
four cases of the state spaces can be illustrated as follow.

Figure 7: Schematic diagrams for the four state spaces other than the 5-simplex. (a) the tesseract; (b) direct
product of a equilateral tetrahedron and a line segment; (c) direct product of two equilateral triangles; (d)
direct product of a square and a equilateral triangle.

Case 1: 5-simplex.

• number of distinct populations: 1;

• number of distinct strategies: 5;

• example: Let the population be the students in UCSC and the 5 strategies be the methods they take for
going home, for example drive their own car, ride a bike (including Jump), take the bus, call Uber (or any
other similar app) and by walking.

Case 2: tesseract. As shown in figure 7(a).

• number of distinct populations: 4;

• number of distinct strategies: 8;

• example: We may think of four kinds of animals living in the UCSC campus. Each of them may take an
aggressive (hawk-like) strategy or a peaceful (dove-like) strategy for living.

Case 3: direct product of a equilateral tetrahedron and a line segment. As shown in figure 7(b).

• number of distinct populations: 2;

• number of distinct strategies: 6;

• example: Let the first population be the students in UCSC and the 4 strategies be the methods they
take for going home, for example drive their own car, ride a bike (including Jump), take the bus and by
walking. Let the other population be the students in UCSC and and the 2 strategies be the purpose they
leave home, for example, having courses and hiking (or any other relaxing things).

Case 4: direct product of two equilateral triangles. As shown in figure 7(c).

• number of distinct populations: 2;
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• number of distinct strategies: 6;

• example: Two kids play RPS. Let each distinct population be the number of rounds that each kid wins.
Each kid has three strategies: rock, paper, or scissors.

Case 5: direct product of a square and a equilateral triangle. As shown in figure 7(d).

• number of distinct populations: 3;

• number of distinct strategies: 7;

• example: Let the populations to be students, professors and TAs. There are three strategies for TAs,
for example, do not go to class, go to class but do not check students’ absences, go to class and check
students’ absences. For professors, they have two strategies, for example, require students to sign in, do
not require students to sign in. For students, they have two strategies, for example, come to the class or
not.


